TYPICAL ORBITS OF QUADRATIC POLYNOMIALS WITH A 
NEUTRAL FIXED POINT I: NON-BRJUNO TYPE 



DAVOUD CHERAGHI 

Abstract. We study (Lebesgue) typical orbits of quadratic polynomials Pa{z) = 
g27rai^ + 2:^ : C — > C, with a of non-Brjuno and high return type. This includes quadratic 
polynomials with positive area Julia set of X. Buff and A. Cheratat. As a consequence, 
we introduce rational maps of arbitrarily large degree for which the Brjuno condition is 
optimal for their linearizability. Our technique uses the near-parabolic renormalization 
developed by H. Inou and M. Shishikura. 



Introduction 

The Julia set of 

denoted by J (Pa), is defined as the closure of the set of repelling periodic orbits of Pa- It 
turns out that the structure of J {Pa), for a G [0, 1], depends dramatically on the arithmetic 
nature of a. For a G Q, by |DH84j there are essentially two types of orbits lying in the 
Fatou set of Pa (i.e. the maximal domain of normality of the iterates P^). To explain the 
case of irrational rotations, we use the continued fraction expansion 

a = [ai, 02, as, ... ] = , 

ai H ; 



a2 + 



as + . . . 

with all ai G N. Also, let Pn/Qn '■= [ao, ai, . . . , a^], for n > 0, denote the best rational 
approximants of a. 

Let / be a holomorphic function defined near z = that leaves zero fixed and has 
multiplier /'(O) = e^™^ with a G [0,1]. The map / is called linearizable at 2; = if 
there exists a holomorphic change of coordinate defined near with 0(0) = and 
o / o (j)~^[z) = e^™' ■ z. By a theorem of A. D. Brjuno |Brj71| , every such germ is 
linearizable at if a is irrational and the infinite series 
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is convergent. In the linearizable case, the maximal domain of hnearization is called the 
Siegel disk of that germ. On the other hand, a celebrated work of J.-C. Yoccoz |Yoc95j 
showed that the above condition is sharp in the quadratic family. That is, if the above series 
is divergent, then the quadratic polynomial Pa is not linearizable at zero. R. Perez-Marco 
in |PM93j has generalized this optimality to an open dense (structurally stable) set of 
polynomials. To my understanding, the great idea of hedgehogs introduced in |PM97] 
gives the first insight into local dynamics of non-linearizable germs. 

An irrational number a is called Brjuno if the above series is convergent. Otherwise, it 
is called non-Brjuno. 

In the non-linearizable case, J{Pa) is known to have a complicated topology. For ex- 
ample, it is a non locally connected subset of the plane (see |Sul85] ). and by |Maii93j the 
orbit of the critical point is recurrent and accumulates at the zero fixed point. 

C. Peterson and S. Zakeri in |PZ04j have proved that for Lebesgue almost every a G [0, 1] 
(indeed, when = 0{^/n)) J{Pa) is locally connected and has zero area. This gives a 
complete understanding of the dynamics of Pa on J{Pa) for these quadratics that possess 
a Siegel disk. However, a remarkable recent result of X. Buff and C. Cheritat [BC05j 
shows the existence of parameters a, both of Brjuno and non-Brjuno type, for which the 
Julia sets J (Pa) have positive area. This motivates describing the orbits of typical points, 
with respect to the Lebesgue measure, in the Julia sets. Here, we mainly focus on the 
non-linearizable case, and leave the linearizable case to a forthcoming note. 

Let /rrjv, for a given integer A^, denote the real numbers a = [ai, 02, . . . ] with all > A^. 
The following is the first result in this direction. 

Theorem A. There exists a constant N such that for every non-Brjuno a G Irr^, the 
orbit of (Lebesgue) almost every point in the Julia set of Pa{z) = e^™'z + accumulates 
at the fixed point z = 0. 

The above theorem applies to the non-linearizable examples by Buff and Cheritat and 
it is meaningful for every positive area Julia set satisfying the hypotheses. 

The idea of the proof is to build infinitely many "gates" with the fixed point on their 
boundaries such that almost every point in the Julia set has to go through them. To 
define these gates, we have used the near-parabolic renormalization, a slight variation of 
the Poincare return map to certain domains, developed by H. Inou and M. Shishikura in 
[IS06j . More precisely, they have defined a class of holomorphic maps by their covering 
property which is invariant under this renormalization. This result of Inou-Shishikura has 
been part of the big project of finding quadratics with positive area Julia sets. To prove 
the theorem, we control the Euclidean diameter of these gates in terms of the partial sums 
of the above series, and conclude that the diameters go to once a is non-Brjuno. 

We observe, along the proof of the above theorem, that the orbit of the critical point 
goes through the above mentioned gates regardless of the area of the Julia set. Hence, 
this provides a direct dynamical proof of the Yoccoz's optimality result (on the non- 
linearizability) for multipliers with high return type. Our argument works for all maps 
in the Inou-Shishikura class and enables us to obtain the following: 
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Theorem B. There exists a constant N such that if a is a non-Brjuno number in Irrj^, 
then Pa and every map in the Inou-Shishikura class, with the fixed point of multiplier e^'^°' 
at 0, is non-linearizable at the fixed point. 

In particular, there exists a Jordan domain U containing such that if f is a map of the 
form e^™/;.(l + hY , where h : C C is a rational map of the Riemann sphere satisfying 

• h{0) = 0, h'{0) = 1, and 

• no critical value of h belongs to U, 

then f is not linearizable at zero. 

The domain U is defined precisely in Equation ([T]) on Page [71 Roughly speaking, the 
above condition states that / has only one simple critical point in the component of h~^{U) 
containing which is interacting with the fixed point at zero. The proof uses only dynamics 
of / on the component of h~^{U) containing 0. 

The post-critical set of Pa is defined as the closure of the orbit of the critical value of Pa- 
By a theorem of M. Lyubich |Lyu83] , the post-critical set of Pa is the measure theoretic 
attractor of Pa on its Julia set. That is, almost every point in J{Pa) eventually stays 
in arbitrary neighborhoods of the post-critical set. To study the (Lebesgue) measurable 
dynamics of Pa on its Julia set, it is useful to understand the geometry and topology of its 
post-critical set. 

Theorem C. There exists a constant N such that for every non-Bruno a G Irr^q, the 
post-critical set of Pa has zero area. 

To prove the theorem, we first define a nest of topological disks containing the post- 
critical set. The topological disks are transferred from the dynamical planes of the renor- 
malizations of Pa to the dynamical plane of Pa- Then, given a point z in the intersection, 
by controlling the geometry of these topological disks, we find a sequence of balls in the 
complements whose radii are proportional to their distance to z- This requires an analysis 
involving the arithmetic of a- We should mention that this happens for a particular se- 
quence of such radii (depending on a and z) and does not imply that the post-critical set 
of these maps is porous. 

An immediate corollary of the above theorem is the following 

Corollary D. There exists a constant N such that almost every point in the Julia set of Pa 
with a non-Brjuno a G Jrrjv is non-recurrent. In particular, there is no finite absolutely 
continuous invariant measure on the Julia set. 

By controlling the changes of coordinates between different levels of renormalizations, 
we show that the orbit of the critical value forms e-chains in the post-critical set. This 
implies the following. 

Theorem E. There exists a constant N such that for every a G /rr^v the post-critical set 
of Pa is connected. 

"'^In a private communication, S. Zakeri, based on the theory of hedgehogs introduced by Perez-Marco, 
proved the connectivity of the post-critical set of ah quadratic polynomials with an irrationally neutral 
fixed point. 
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A main tool in our analysis is estimating the changes of coordinates (perturbed Fatou 
coordinates) between different levels of renormalizations. Such estimates, based on the 
theory of univalent maps, are given mainly in |IS06] for the parabolic maps (see also |Shi98] ). 
The change of coordinates depends continuously, in the compact open topology, on the 
map. Therefore, they may be used to obtain some estimates for the perturbed maps. 
However, the continuity is in a too weak topology to derive formulas for the perturbed 
coordinates. Here, we give a different type of estimates, based on the quasi-conformal 
mapping techniques, for the perturbed maps and analyze how they behave when the maps 
converge to the parabolic ones. I believe the tools introduced here can be used to answer 
fine scale questions on the geometry of the post-critical set. There are also very fine 
estimates, based on comparing with (the time one map of) a suitable vector field, given in 
|BC06j . However, these estimates work on a smaller domain and cannot be used here. 

Remark. There has been a particular effort to keep all the constants in the above results 
the same as the one obtained in [IS_06j. Although, some of the arguments could be to 
some extent simplified by requiring a larger constant. Indeed, successive Inou-Shishikura 
renormalizations of produce a sequence of maps with a fixed covering property, a critical 
point in their domain of definition, and a uniform lower bound on their non-linearities. 
However, we do not use the particular covering property here. The same results hold if 
the successive renormalization of Pa produces a sequence of maps with a critical point in 
their domain of definition and a uniform lower bound on their non-linearities. 

Organization of the paper. Section [1] starts with basic definitions in holomorphic dy- 
namics, Koebe distortion theorem, and an example of how this theorem is used through 
our work. It continuous with introducing the Inou-Shishikura class of maps and the near- 
parabolic renormalization on this class. We do not touch the renormalization of parabolic 
maps here and only recall part of the results in [IS06j on the renormalization of perturbed 
maps relevant to our problem. In section |5] we prove Theorems \M and |B] assuming two 
technical lemmas on the perturbed Fatou coordinates. In section 12] we prove some esti- 
mates for these coordinates and derive the two technical lemmas from them. This section 
is independent of the other parts and can be read on its on. Section H] is devoted to proofs 
of Theorems [C] and [El 

Acknowledgment. I would like to thank my Ph.D. adviser Misha Lyubich for his support 
during my studies at the State University of New York at Stony Brook, where this work 
was carried out. Further thanks go to the people at the mathematics department for their 
kind hospitality. I am also grateful to Hiroyuki Inou and Mitsuhiro Shishikura for writing 
the wonderful manuscript [IS06j. It has been a great source of motivation. 

Frequently used notations. 

- := is used when a notation is defined for the first time. 

- Z, Q, M, and C, denote the integer, rational, real, and complex numbers, respec- 
tively. C = C U {oo} denotes the Riemann sphere. 

- i denotes the imaginary unit complex number; = —1, and i is used as an integer 
index. 
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- Kez, Imz, and \z\ denote the real part, imaginary part, and absolute value of a 
complex number z, respectively. 

- B{y,6) <Z C denotes the ball of radius 6 around y in the Euclidean metric. If there 
is a different metric involved we use Bd{y, S) to denote the ball of radius 6 around 
y in metric d. 

- diam (S) denotes the Euclidean diameter of a set 5 C C. 

- Given a map /, /" denotes the n times composition of / with itself. 

- Dom /, J(/), and VC{f) denote the domain of definition, Juha set, and the post- 
critical set of a map /, respectively. 

- Of{z) and u)f{z) denote the orbit and the limit set of a point z under a map /. 
When it is clear what map is involved we drop the subscript /. 

- /rr^v denotes the set of irrational numbers [oi, 02, 03, ■ ■ ■] with all > N. 

- Almost every, or a.e. for short, refers to almost every point with respect to the 
Lebesgue measure. 

- Univalent map refers to a one to one holomorphic map. 

- Given g : Dom (7 — )■ C, with only one critical point in its domain of definition, cp^ 
and cvg denote the critical point and the critical value of g, respectively. 

- Exp := ^e~^'^'^, where z denotes the complex conjugate of z. 

- For every x G M, \_x\ denotes the largest integer less than or equal to x. 

1. Preliminaries and renormalization 

1.1. Post-critical set as an attractor. Let f:U CC— J-Cbea holomorphic map. 
Given a point z E U, if f{z) belongs to U we can define P{z) = f o f(^z). Similarly, if 
P{z) also belongs to U, P{z) is defined and so on. Orbit of z, denoted by 0{z), is the 
sequence, z, f{z), /"^{z), . . . , as long as it is defined. So it may be a finite or an infinite 
sequence. We say that 0{z) eventually stays in a given set C C, if there exists an integer 
k such that for every integer i > k, f"^{z) G E. 

The Fatou set of a rational map / : C — C is defined as the largest open set F{f) C C on 
which the sequense of iterates {f^)n=o,i.... forms a normal family. Its complement, denoted 
by J{f), is called the Julia set of /. The post-critical set of / : C — )■ C is defined as 

VC{f):= U 0(c)- 

c:/'(c)=0 

Distortion of a map f:U C C — )■ C is the supremum of log{\f'{z)/f'{w)\), in the 
spherical distance, for all z and w in U, which may be finite or infinite. 

We say that a simply connected domain f/ C C, different from C itself, has bounded 
eccentricity, if there exists a univalent onto map tp: -8(0, 1) — f/, a uniformization, with 
bounded distortion. One can see that if a simply connected domain U has bounded dis- 
tortion M, then ratio of radii of the smallest circle containing U, and the largest circle 
contained in U, is less than some constant depending only on M. 

We frequently use the following distortion theorem due to Koebe |Pom75j to transfer 
areas under holomorphic maps. 
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Theorem 1.1. (Koebe distortion theorem) Suppose that /: B{0,1) C is a univalent 
function with /(O) = 0, and /'(O) = 1. For every z G 5(0,1) vje have the following 
estimates 

(1) (tJt^<I/WI<(T^, 

(2) <!/'(.)! <(^, 

(3) ^<k/W/WI<l^. 

This implies the 1/4 theorem: the domain f{B{0, 1)) contains B{0, 1/4). 

The following result in |Lyu83| shows that the post-critical set of a rational map attracts 
the orbit of almost every point in the Julia set. 

Proposition 1.2. Let /: C — )■ C 6e a rational map with J{f) 7^ C, and V he an arbitrary 
neighborhood ofVC{f). Then, the orbit of almost every point in the Julia set of f eventually 
stays in V. 

Here, we give a simple argument based on the Montel's normal family theorem for 
readers convenience. Also, we will use this approach in the next section, with iterating a 
renormalization operator instead of the map itself, to examine the Lebesgue measure of 
certain post-critical sets. 

Proof. Consider the set 

r := {z G J I for infinitely many integers A; > 0, f^{z) ^ V}. 

If area of F is not zero, let z he a Lebesgue density point of F. Let be an increasing 
sequence of positive integers with f^^^z) ^ V, and let y be an accumulation point of the 
sequence {f"'''{z)). As y ^ V, it has a definite distance 6 from VC{f). For sufficiently 
large n^, let En^ denote the component of f^"''{B{y, 5/2)) containing z. As -B(?/, 5/2) does 
not intersect VC{f), : En,^ — )■ B{y,5/2) is univalent, and in addition, its inverse has 
a univalent extension over the larger domain B{y,5). By the Koebe distortion theorem, 
all the domains En^, have bounded eccentricity, and the maps : En^ — > B{y,5/2) have 
uniformly bounded distortion. 

If -Enfc's do not shrink to z as rtk 00, their uniformly bounded eccentricity implies that 
Enf/'s contain a ball B{z, r), for some constant r > 0. Thus, every member of the sequence 
{f"'^) maps B{z,r) into B{y,5). This implies that {/"''} is a normal family, by Montel's 
theorem, contradicting z being in J{f). Therefore, diameter of Eni^ tends to 0. 

Also, the family i?„^ shrinks regularly to z, i.e. there exists a constant c > such that 
for each En^. , there exists a round ball B with 

En^. C B, and area(-E„^) > c ■ area 5. 

As 2; is a Lebesgue density point of F (and so of J), Lebesgue's density theorem implies 
that, 

hm = 1. 

rifc-s-oo area[En^) 
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As /"'-''s have bounded distortion, and F is / invariant, we have 

area(rHK. ^ ^-^ area{B{y,5/2)f]T) ^ ^ 

rifc-i-oo area{f'^''(^En^)) n^^oo area{B{y,S/2)) 

One concludes from the last equality, and that F C J, to get B{y, 6/2) C J. This implies 
that J = C, contradicting our assumption. □ 

1.2. Inou-Shishikura class and near-parabolic renormalization. 

Continued fractions: We use a slightly different type of continued fractions defined as 
follows. Any irrational number a G M \ Q can be written as a continued fraction of the 
form: 

^0 



a = ao + 



ai + - 



a2 H 

where a„ G Z and e„ = ±1, for n = 0,1,2,.... For any real number a G M, define 
||a|| := min{|x — n\ : n G Z}. Let ao = and Qq be the closest integer to a, so that 
a = ao ± tto- For every n > 0, let a;„+i = ||^|| and a„+i be the closest integer to 
Then the signs are determined by = a„ + enCtn- Note that a„ belongs to (0, 1/2) 
for every n > 1. 

Consider a map h: Dom (h) C, where Dom (h) denotes domain of h. Given a compact 
set K C Dom (h) and an e > 0, a neighborhood of h is defined as 

N{h,K,s) := {g:Dom{g) C \ K C Dom (51), and sup \g{z) - h{z)\ < e}. 

zeK 

By a sequence /i„ : Dom — )■ C (not necessarily defined on the same set) converges to 
h we mean that given an arbitrary neighborhood of h defined as above, hn is contained in 
this neighborhood for sufficiently large n. 

Inou-Shishikura class: Consider the cubic polynomial P{z) = z{l + z)^. This polynomial 
has a parabolic fixed point at 0, a critical point at —1/3 which is mapped to the critical 
value at —4/27, and another critical point at —1 which is mapped to 0. See Figured! 

Define 

(1) U := p-\B{0,^e'n)\ {{-00,-1] U B) 

where B is the component of P^^{B{0, ^e"'^'")) containing —1. 
Define the class of maps 

-1- _v. ^ ip: U ^ Uf is univalent, V9(0) = 0, v^'(O) = 1, and \ 
I r ■ I 0-1 extends onto Uf continuous function /' 

For a given positive real number a^,, the class 

IS[a,] := {e^™' ■ / | / G X5, and a G [0, a,]} 
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Figure 1. A schematic presentation of the Polynomial P, its domain, and 
its range. Similar colors and linestyles describe the map. 

plays a significant role in this study. As the class X5[a;^,] is identified with the space of 
univalent maps on the unit disk with a neutral fixed point at 0, it is a compact class in the 
above topology. 

Any map h = e^'^°'/o in liS[a*], with a 7^ and /o G IS, has a fixed point at 
with multiplier e^'^"', and another fixed point ah ^ 0. The ah fixed point has asymptotic 
expansion ah = — 47ra;i//Q (0) + o(a), when h converges to /o in a fixed neighborhood of 0. 
Clearly, — as a — )■ 0. 

See Figure [2] for the contents of the following theorem. 

Theorem 1.3. (Inou-Shishikura |IS06] ) There exist a real number a* > 0, and positive 
integers k, k such that the class XS[a^] satisfies the following properties: 

(1) h"{0) 7^ for any map h G XiS[a*]. 

(2) For any map h: Uh —> C in X5[a*], there exist a domain Vh C Uh, hounded by 
piecewise smooth curves, and a univalent map ^h'- 'Ph C with the following 
properties: 

(a) Vh is compactly contained in Uh- Moreover, it contains the critical point cp^ '■ = 

|) in its interior as well as and ah on its boundary. 

(b) There exists a continuous branch of argument defined on Vh such that 

max I arg(w) — arg(w')| < 27[k 

w,w'£Vh 

(c) ^h{l\) = {w e C \ < Re{w) < [l/a\ - k}. Also, lm(^hiz) +00 when 
z G Vh ^ and lm^h{z) — t- —00 when z EVh ^ CTh- 

(d) $/i satisfies the Abel functional equation, that is, 

^h{h{z)) = ^h{z) + 1, whenever z and h{z) belong to Vh- 

Moreover, is unique once normalized to send cp^^ to 0. 

(e) The map $/i depends continuously on h- 

We refer to the univalent map ^h obtained in the above theorem as perturbed Fatou 
coordinate or sometimes Fatou coordinate for short. 
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Figure 2. A perturbed Fatou coordinate and its domain of definition. 

Remark. Parts (b) and (c) in tfie above tfieorem (existence of uniform k and k) are not 
stated in |IS06j but it follows from their work. These are consequences of the compactness 
of the class 25 [a*] and will become clear by Lemma [3.31 which we prove later. 

Renormalization: Consider a map h: f7/i — )■ C in e^™X5 with a < a* {a* is obtained in 
Theorem II. 3p and let : P/i — )■ C be the normalized Fatou coordinate obtained in that 
theorem. Define 

C:={zeVh: 1/2 < Re{<l>h{z)) < 3/2 , -2 < Im <t>h{z) < 2}, and 

C« := {zePh-. 1/2 < Rei^z)) < 3/2 , 2 < Im ^^{z)}. 

By definition, C contains the critical value of h in its interior, and C contains (fixed 
point of h) on its boundary. For integers > 0, let (C^)-^ denote the unique connected 
component of h~^{C^) with on its boundary. Similarly, if there exists a unique connected 
component of h~^{C) which has non-empty intersection with (C")"^, it will be denoted by 
. Let kh be the smallest positive integer (if it exists) for which the sets C~^'^ and {C^)~''^ 
are contained in the set 

G P/, I < Re ^h{z) <l/a-k- 1/2}. 

For this kh let 

Sh := C-'"^ U (C»)-^\ 

Consider the map 

(3) o h"'^ o : $,(5,) ^ C. 

By equivariance property of $/i (Abel functional equation), this map projects via z = 
j^g27n«) map of the form z e^'^~^z + O(z^), defined on some neighborhood of the 
origin. 



10 



D. CHERAGHI 



Further conjugating this map by s: z t— )■ z, to make the rotation number at positive, 
we obtain a map TZ{h) of the form z i— )■ e~^^z + 0{z'^). The map TZ{h) is called the 
near parabolic renormalization of h by Inou and Shishikura. We simply refer to it as 
renormalization of h. One can see (Lemma I2.ip that one time iterating TZ{h) corresponds 
to several times iterating the map h, or in other words, many times iterating h is equal to 
composition of two changes of coordinate and one iterate of TZ{h). This renormalization is 
closely related to the Douady-Ghys renormalization introduced in |Dou87] . however it is 
defined on a smaller class of maps but gives a map with a larger domain of definition. For 
other applications of this theory one may see |Dou94] and |Shi98j . 

The following theorem in |IS06] states that the above definition of near parabolic renor- 
malization TZ can be carried out for maps in XS. For a given positive integer N, let Irr^ 
denote the set of real numbers a = [oq, Oi, 02, . . . ] with Oj > N. 

Theorem 1.4. (Inou- Shishikura) There exist an integer N > such that if h & g27rra ^-^S 
with a G Ittn, then TZ{h) is well-defined and belongs to the class IS[1/N] (i.e. it can be 
written of the form 71(h) = e"^' ■ P o ip'^). 

The same conclusion holds for the map Pa{z) = e^™'2; + 2;^, that is, TZ{Pa) is well-defined 
and belongs to XS[1/N] provided a is small enough and belongs to Irr^^. 

Although quadratic polynomials Pa = e^'^^'z + z"^ do not belong to the class X5[a;*], the 
theorem states that one can define the Fatou coordinate for this map and renormalize it 
by the above definition once a is small enough. Hence, the theorem guaranties that for a 
in IrrN, the sequence of renormalizations 



are defined and belong to the class IS[1/N]. For simplicity of notation, we let /o := Pc 
and ao := a. Each map /„ has a fixed point at with multiplier e^'^""*, n = 0,1,2, ... . 



2.1. Sectors around the fixed point. Here we introduce a sequence of subsets of C 
containing on their boundary, such that a.e. z in the Julia set of Pa has to visit these 
sets. From now on we will assume that N is large enough, or a* = is small enough, 
so that the class IS[1/N] satisfies the conclusions of Theorems 11.31 and 11.41 Moreover, for 
technical reasons, we will assume that 



for k and k obtained in Theorem 11.31 




Changes of coordinates: For every n > 0, let $„ := <l>j^ denote the Fatou coordinate 
of the map fn- Un — ?■ C defined on the set Vn '■= Vj^ introduced in Theorem 11.31 By 
part (b) of Theorem 11.31 and our assumption (jlj), there are holomorphic inverse branches 
Vn - 'Pn ^ oi the map 



fn ■ 



2. Accumulation on the fixed point 





-4 



where s{z) = z. 
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with i]n{Vn) C ^n-ii'Pn-i)- There may be several choices for this map but we choose one 
of them for each n and fix this choice for the rest of this note. 

Now we can define ipn '■= ^n-i°Vn '■ 'Pn — ^ 'Pn-i- Note that each tpn extends continuously 
to G dVn by mapping it to 0. Consider the maps 

with values in the dynamical plane of the polynomial /q. 

For every n = 0, 1, 2, . . . , let C„ and denote the sets obtained in ([2]) for Let kn be 
the smallest positive integer for which C~^" and {Cl)~^" are contained in Vn- We define 
the sector 5° as 

5° := C'" U (Cl)-''- C Vn- 
By definition, the critical value of /„ is contained in fn"{S^). 
For every n > 0, define 

In general for i > 2, let 

All these sectors contain on their boundary. We will mainly work with Sq, SI, and S^, 
for 2 = 0, 1, 2, ... . See Figure [31 




Figure 3. Figure shows the first generation of sectors. The red curve (grey 
in the printed version) approximates orbit of the critical point. 

Lemma 2.1. Let z G Vn^i be a point with w.= Expo$„_]^(z) G Dom(/n). There exists 
an integer with 2 < < [^;^^J — k + kn-i + 1, such that 
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. Expo$„_i(/^i^(^)) = /„H, 
Moreover, if w & int Dom(/„), t/ien t/ie or^zt 
belongs to the interior of |Jj=o """^ /n-i('S'n-i) 

Proof. As If G Dom(/„), by definition of renormalization TZ{fn-i) = fni tliere are 
C e and C' e witli < ReC < 1, 

sucli tliat 

Exp(C) = Exp(CO = fn{w), and C' = $n-i o o $;\(C). 

Since Exp($„_i(2;)) = w too, and ^ G $„_i(S'°„;^), tliere exists an integer £ witli /c„_i + 
1 < £ < [^T^J — fc, sucli tfiat $„_i(2;) + £ = C (A; is tlie constant obtained in Ttieorem ll.Sp . 
By equivariance property of $n-ij we have 

C' = $n-l0/^-0$,-\(C) 

= $„_io/„^r/o$;\($„_i(^) + /i) 

= ^n-l0ft~r'0^-\{^^_,{z)) 
= <^n-l0ft-r\z). 

If we let ^z '■= kn-i + ^ + 1, then we have 

2 < 4 < K-i + L^J - A; + 1, ft,{z) = $-^(C' + 1) G P„^i, 

"n-l 

and 

Exp o$„_i(/^i^(z)) = Exp o$„_i($;ii(C' + 1)) = Exp(C' + 1) = fn{w). 

This finishes the first two parts. For the last property, first observe that one of the following 
two holds 

- there exists a positive integer j with fl_i{z) G 

- there exists a non- negative integer j with z G fn-ii^n-i) ■ 
If the first one occurs (this is when i is positive), then 

"n — 1 

zJ^.,{z),...Jizl{z)e U fLliS'n-l), 

kn-1 + 1 



and fi_,{z),...Jt,iz)e U 



i=0 
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If the second one occurs (when I is non-positive), then we have 

fe„_i+i 

i=j 

The final statement follows from the open mapping property of holomorphic maps. 

That is, image of every open set under a holomorphic map is open. For example, if 
w G int Dom (/„) then C, £ int which implies that z belongs to the interior of 

that union. □ 

In the above lemma there are many choices (indeed [^^^J — k — \) for ^z■ However, in 
the following two lemmas we make a specific choice for fn-i{z) in order to control £z- 

Lemma 2.2. For every n > 1, the two maps 

fn.Vn-^ fniVn) and f^" : M/„(P„) ^ fti'^niVn)) 

are conjugate by That is, the following diagram 

^n(7^„)— /J"(^n(Pn)) 



Vn ^/n(Pn) 

commutes wherever it is defined. 

Similarly for every n > m, fn'. Vn ^ fniVn) is conjugate to some iterate of fm defined 
on the set V'm+i o • • • o ijjniVn)- 

Proof. By definition of the renormalization TZ, this property holds near (fixed point). 
So by analytic continuation, it hold on the domain of definition. The integers g„ are the 
closest return times for the rotation of angle ao around 0. □ 

The following lemma transfers iterates of the map 

fn-^'-S'n^ftiS'jCVn 

to the dynamic plane of /q. 

Lemma 2.3. The map : /n"('S'n) C Vn is conjugate to 

/^^"+^"-:*„(5°)^*„(/^(5°)), 

by ^n- 

Proof. Proof of this lemma is similar to the previous one. Here, knQn + Qn-i is the return 
time of the points in ^„(5'°) back to ^'„(P„) under /q. □ 
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2.2. Neighborhoods of the post-critical set. On each level j > 0, consider the follow- 
ing union: 

■■= u fiis^- 

1=0 

Using the two previous lemmas, we transfer these sets to the dynamic plane of /o to obtain, 

qn+i+(k„-k—l)q„ 

^0 ■■= U /ol-^o), 

1=0 

for every n > 0. 

To transfer the sectors in the union from level n to the level 0, the first kn sectors 
give knqn + q-n-i sectors, by Lemma 12.31 and the [^J — k — 1 remaining ones produce 
g„([^J — k — 1) number of sectors, by Lemma [2. 2[ Thus, totally we obtain 

{knqn + qn-l) + qn{[—\ - k - 1) = qn{[—\ + ^n-l) + ^nl^n - k - 1) 

Gif^ G" J 

< qn+1 + qn{kn -k-l), 
number of sectors, by formula g„_|_i = a„+ig„ + g„_i. 

Proposition 2.4. For every n > 0, we have the following: 

(1) ^^0^^ is compactly contained in the interior o/fig, 

(2) The post-critical set of fo is contained in the interior ofQ^. 

Proof. 

Part (1): To show that ^q^^ C Qq, it is enough to show that for every z G Sq'^'^ there are 
points zi, ^2, . . . , in S'q as well as non-negative integers ti,t2, . . . , tm+i, for some positive 
integer m (indeed m = kn+i + L^r^J ~ ^ ~ 1); with the following properties: 

. = z, and f'o-^'{zJ = 

• fo (zj-i) = for j = 2, 3, . . . , m, 

• tj < qn+i + {kn-k- for every j = 1, 2, . . . , m + L 

For z G 5*0 +\ let C := ^nii(^) ^ By definition of 5"°+!, the iterates 

2 fc„+i+[^^j-fc-i 

/n+l(C)5 /n+l(C)5 • • • 5 /n+l (C) 

are defined and belong to Dom fn+i- 

By Lemma EH] applied to ipn+i^Qi there are two points and ^2 in the set ipniVn) (take 
^1 = i'n+iiO) as well as a positive integer with 

Expo$„(^i) = C, Expo$„(e2) = /„+i(C), and /^«(6) = 6- 

Let (Ti G and an integer ii, with 1 < ii < kn + a„+i — k — 1, he such that /^^(o"i) = ^1. 
By the same lemma, there is a point a2 in the orbit 

6,/n(ei),/n(ei),...,/^"-'(ei),6 
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which belongs to S^. Let £2 denote the positive integer with l<i2^kn+\ — \ — k — 1 
and /^2(cTi) = (T2- 

By the same argument for ^2, which satisfies Exp o$„(^2) = /n+i(C)) "we obtain a^, G 5"°, 
^3 G Vn and a positive integer £3 with 1 < £3 < fcn + — k — 1, such that /^^(o"2) = o"3. 

Repeating this argument with ^3, ^4, . . . , for m = kn+i + L^TTlJ ~ ^ ~ 1; one obtains 
a sequence 

0" 1 , (72 , . . . , 0"m 

of points in S'^ as well as positive integers 

£1, £2, • • • , 4„+i+l ^— J-fc-l) -^m+l) 

all bounded by /c„ + [^J — A; — 1, which satisfy: 

• fn^^{(Tj) = for all j = 2, 3, . . . , m - 1, 

• /i^(aO=eland/^+Ha„)=e™. 

Now we define Zi := \l'n(o"i) G , for j = 1, 2, . . . , m. By definition \E'n('Ci) = -2- 
We claim that ^n{U) = This is because 

kn + l+\ 

Expo$„(U = /„+i (0 

which is mapped to ^^^g^ ^^^^^ ^^sing Lemmas and with /o 

and /„+!• 

By Lemmas 12.21 and 12.31 ij times iterating corresponds to tj times iterating /o, for 
each j = 1, 2, . . . , im+i- By the same lemmas, bounded by /c„ + [— J — k — 1, each 

is bounded by 

knqn + + ( [— J " ^ " l)?n < + Qnikn - k - 1) . 

To show that f^o^^ is compactly contained in the interior of fig , we use the open mapping 
property of holomorphic maps. That is, if z' is a point in the closure of f^o^^, there exists 
a point z in the closure of 5^+^ with /*° (2;) = z' , for a non-negative integer to less than 
Q'n+2 + {kn — k — l)qn+i- The last statement in Lemma [2.11 implies that all the points aj 
in the above argument can be chosen in the interior of 5°. Hence, every Zi is contained in 
the interior of S^. 

Part (2): First we claim that for every n > 0, the critical point of /o belongs to Q'q, and 
in addition, it can be iterated at least (a„+i — k — l)qn times within this set. 

To prove the claim, note that /„ : 5'° — )■ (S'°) has a critical point. Thus, by Lemma [2l3l 
^fc„g„+g„+i . ^„ _^ ^„(/^"(50)) also has a critical point. That means that the critical point 
of /o is contained in the union U^^q"'''^""^/q(S'q ). Therefore, by definition of fig, the critical 
point can be iterated at least 

qn+i + {kn-k- - fc„g„ - g„_i = (a„+i - k - l)g„ 

times with in Q'R. 



16 



D. CHERAGHI 



As ttn+i — k — 1 > 1, and g„ growth (exponentially) to infinity as n goes to infinity, part 
(1) implies that the critical point of /o can be iterated infinite number of times within each 

SiQ. 

For every n > 0, contains closure of f^o^^ in its interior and f^o^^ contains orbit of 
the critical point. Therefore, the post-critical set is contained in int f2g. □ 

In the next lemma we show that all the sectors contained in the union Qq are visited by 
almost every point in the Julia set of /q. That is. 

Lemma 2.5. Let n and i be positive integers with < £ < Qn+i + {kn — k — l)qn. Then for 
almost every z in the Julia set of fo, there exists a non-negative integer with fo^{z) G 

Proof. It is enough to prove the lemma for i = 0. We claim that for every n > 0, the set 
of points which visit 0,q'^^ contains the set of points which visit Sq. Assuming the claim 
for a moment, because the set of points in the Julia set that visit f^o^^ has full measure 
by Propositions 11.21 and 12.41 we can conclude the lemma. 

To prove the claim, let z be an arbitrary point in J for which there exists an integer 
ti > with fo^iz) E ^0^"^- Let t2 > ti be a positive integer with 

Let ^ denote the point ^-^(/o'(z)) in P„. As C := ^n+i(/o'(^)) = Expo<|>„(^) belongs 
to Vn+i, /„+i(C) is defined. Hence, by Lemma \2A] there exists a non-negative integer j 
such that the orbit ^, fniO^ fniO^ ■ ■ ■ y fiiO is contained in Vn and the last point fi{^) is 
contained in S^. By Lemma [2^ fo^~^'^"''{z) belongs to Sq. □ 

2.3. Size of the sectors. Now we want to control size of certain sectors contained in 
the unions Q'q in terms of the Brjuno function. The following two lemmas are our main 
technical tools. Their proof comes at the end of this section. 

Lemma 2.6. There exists a constant M >1 such that for every integer n > 1 there exists 
an integer T{n) with kn < riji) < a„_|_i — k — 2, and 

diam(/:(")(S°))<M«„. 

Lemma 2.7. There exists a constant M > 1 such that for every integer n > 1, there exists 
an integer n{n), with < n{n) < a„+i — k — 1 that satisfies the following: 
For every w G "Pn.+i, 

(1) /:("^o^„+iH gP„, 

(2) |/:^"^oV'„+iH| <MaJti;|"". 

From now on we assume that M denotes a constant which satisfies these two lemmas. 

Proposition 2.8. There exists a constant C such that for every m > 1, there exist non- 
negative integers 7(m) and 7'(m) < Qn+i + {kn — k — for which the following holds 

(1) diam(/7^'"^(^™)) <C-ai-a^' ■ a^'""^ ■ . . . 

(2) /^('"^(^f) CVi 
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(3) Mfi^'^hS^)) = /o''^"'H5^+'), that IS, Mfi^"'\ST)) «s among the sectors m the 
union . 

Proof. For the constant M obtained for the two Lemmas 12.61 and \2.7\ let 
C = M ■ ■ M"i"2 ■ M"i"""3 . . . 

< Ml+V2+l/2^+l/23 + ... ^ ^ ^_ ^ ^/2) 

Given m > 1, by Lemma [2.61 there exists r(m) with fcm < T(m) < km — k — 2, and 

diam(/^(™)(5^)) <M-a„. 
By Lemma [2.71 with n = m — 1, and w G fm'^\S^), we obtain 

diam (/iT'^ ° V'ml/^^-HS^))) < M ■ ■ (M ■ 
Now by Lemma [2.21 we have 

diam if:!^-'^ o < M ■ M"™- ■ a^-, ■ 

or equivalently 

diam ifm^T'^^"^"'^""'^"^\Sl,_,) < M ■ M^-i • a^-i ■ a^-\ 
Again applying Lemma [2.71 with n = m — 2, the last inequality implies that 

M ■ am-2 ■ (M ■ M"™- ■ a^-i ■ <'"-^)"'"-^ 

which is equivalent, by Lemma [2.21 to 

diam (/;;(r2"')+('^('"-')+"("^)''™+^+')'^'"+'(V^„_i(^;^_i))) < 

M ■ a„_2 ■ (M ■ M"™-i ■ a^_i • <'"-)"'"-^ 
Repeatedly using Lemma 12.71 with n = m — 3,m — 4, one obtains 

diam(/7('^^(5f )) <M-ai-[M-a2[M-as[...[M- aj"'"-^]"'"-^ . . 
for some integer 7(m). Therefore /7'^™^(5'™) has diameter less than 
M ■ M"i°2 . . . M"^"^-"'"-! • ai ■ a^' ■ a^""^ ■ "^"^ . . . a^i-"™-! < 

this finishes the first Part of the proposition. 

The second part of the proposition follows from above argument when Lemma 12.71 was 
used with m = 1. 

To see the third statement in the proposition, first note that r(m) is chosen strictly less 
than am+i + k„,-k-l. Therefor, Mfi''"'\S'^)) 

is among the sectors in the union . 
Indeed, one can see that 7'(m) is strictly between kmqm+Qm-i and qm+i + {km—k—l)qm- □ 
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Lemma 2.9. The sequence 

r Qi aia2 010203 oi---Ofc— ii 

converges to zero as k ^ oo, if and only if the Brjuno sum 

log qn+i 



E 



n=0 

is divergent. 

This is a purely combinatorial lemma whose proof will come in the Appendix. 

Proof of Theorem HI The set of points in the Julia set of /o which accumulate at the 
fixed point is equal to the intersection of the sets 

An = {z^J: 0{z) n fi(0, l/n) ^ 0}. 

for n = 1,2, .... To prove the theorem, it is enough to show that every has full 
Lebesgue measure in the Julia set. As the map ipi: Vi ^ Vq has continuous extension to 
the boundary point 0, there exists as 5„ > such that if \w\ < Sn, for some w E Vi, then 
IV'iHI < l/n. 
By Lemma [2. 9 [ there exists an integer m > 0, for which 

is less than 5„, where C is the constant obtained in Proposition 12.81 Now by part (1) and 

(2) of Proposition ESI ipi{fi^"'\S'^)) is contained in B{0, l/n). Part (3) of Proposition IMl 
and Lemma [2.51 implies that this set is visited by almost every point in the Julia set of /q. 
This completes our proof of Theorem |A1 □ 

A corollary of our proof of Theorem [A] is the following. 

Corollary 2.10. Let P{z) = z{l + z^ , U be the domain defined in ([1]), and a be a non- 
Brjuno number in Irr^. If h is a rational map of the Riemann sphere with the following 
properties 

• h{0) = 0, h'{0) = 1, 

• h{c) ^U, if c is a critical point of h. 

Then the rational map g{z) := e^™' ■ P oh is non-linearizable at 0. 

Note that we do not assume in the above corollary that the corresponding Julia set has 
positive area. 

Proof. Above conditions on h implies that g restricted to U belongs to 15 [a*]. All the 
sectors Sq are defined for g and satisfy the estimates in Proposition 12.81 Thus, the critical 
point which visits all the sectors, by definition, must accumulate at the fixed point. Hence, 
g is not linear izable at 0. □ 
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3. Perturbed Fatou coordinate 

3.1. Unwrapping the coordinate. In order to prove Lemmas 12.61 and l2 . 71 in this section, 
we will give an approximate formula for the Fatou coordinate $/j with a bound on its error. 

Assume h{z) = e^™'-Poy9~^(2;) : ip{U) — > C belongs to the class e^™'XiS, and ah denotes 
its non-zero fixed point. In |IS06] . N was chosen large enough so that h{z) has only two 
fixed points and ah in its domain of definition. Therefore, one can write h{z) as 

h{z) = z + z{z - ah)uh{z) 

where Uh{z) is a non-zero holomorphic function defined on the set if{U). Differentiating 
both sides of this equation at 0, one obtains 

1 - e^'^"' 



(5) (Th • 

Uh{0) 

Note also that the map Uh{z) = {h{z) — z)/{z{z — ah)) depends continuously on the map 
h{z). 
Let 

( \ 



^ g— 27ricMi) 

be the universal covering of the Riemann sphere minus two points and ah that has deck 
transformation group generated by 

TJw) := w + 

a 

One can see that Thiw) — )■ 0, as Im(aw) — oo, and Thiw) ah, as Im(a;tt;) — oo. 
Define the map 

Fh{w) ■.= w + log (l - 'y^^^^^^ ) , with z = Tc,{w) 

ZTTCH ^ 1 + ZUh[Z)) 

on the set of points w with Th{w) G Dom (h). The branch of log in the above formula is 
determined by — vr < Imlog(-) < vr. The map Fh is defined on the inverse image of Dom (h) 
under Ta- 
li is immediate calculation to see that 

hoTh = ThO Fh, and T^o Fh = FhO T^. 

Indeed, Fh was defined using this relations. 

We will see in a moment that the Fatou coordinate of a map in the class 25 [a*] is 
"essentially" equal to Tq for our purposes. Hence, we wish to further control Th on certain 
domains. 

For every real number > 0, let B(-R) denote the set 

Q{R) ■.= C\[jT:{B{Q,R)). 

Lemma 3.1. There exists a positive constant Ci such that 
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(1) For every Y > 0, there exists ey > 0, such that for every h G e^™'X5, with a < ey, 
we have 

Vwee{Y), \th{w)\<C,/Y 

(2) For every r G (0, 1/2), w G 0(^); and every h G X5[a*] we have 

\Th{w)\ < Ci-e~ 
r 

Proof. The (7^ fixed point has the form ([5]) in terms of Uh, where Uh is a non-zero function 
in a compact class. Therefore, there exists a constant C such that for every h G e'^'^'^^IS, 
|cr/i| < C'a. The rest follows from analyzing the explicit formula 1/(1 — e~^'^'""') on B {Y). 

To see Part (1), fix an arbitrary Y > 0. If w G Q{Y), then 1 — e^™"" belongs to 
complement of the ball of radius e"^'^"^ — 1 centered at in C. Therefore 

at , C'a C 

< 



for small a. 

To see part (2), one can observe that for such aw, |1 — e~^'^'""'| > e'^'^^ — 1, and conclude 
that there exists a constant C" with 



M g— 27ricMi)| ^//^g27ra Im ui 



This implies that 



Now we can take Ci as the maximum of ^ and □ 
3.2. Estimating the lifted map. 

Lemma 3.2. There exist positive constants > 0, C2, C3, C4 as well as a positive integer 
jo, such that for every map h G e^'^°'X5, with a < cq, the induced map Fh is defined and 
is univalent on G(C2), and moreover 

(1) For all w G 6(C2), we have 

\Fh{w) - (w + 1)1 < 1/4, and \Fl^{w) - 1| < 1/4. 

(2) For every r G (0, 1/2), and w G 0(^ + 1), we have 

\Fh{w) -{w + l)\< Ca-e-^™^'""', and \Fl^{w) - 1| < Cg-e-^™!'""'. 

(3) cp;^ G -8(0,2) \ 5(0, .22). // i{h) is the smallest non-negative integer with 
Re Fl^'^\cppJ > C2, then i{h) < min{jo, 1/a}. 

(4) For every positive integer j < jo + we have 

|ImF;J(cp^J| <C4(l + logj), and | Re F;J(cpp,J - j| < 6*4(1 + log j). 
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Proof. 

Parts (1) and (2) : Consider a map h 



g2^aip o ^-1. ^^f/) ^ C in e2^°'X5. As 



cpp = -1/3 ^ 5(0,1/3), by Koebe Distortion Theorem, cp;, = 0(-l/3) ^ S(0, 1/12). 
So, every /i in the above class is defined and univalent on -6(0, 1/12). Applying part (1) of 
Lemma [3?T] with Y = 12Ci, we obtain an 5o > such that if a < Eq, then 

r;,(e(F))c 5(0, 1/12). 

Therefore, the induced map Fh is defined and univalent on Q{Y). 
For w G Q{Y), using notation A = e^'^"', we have 



Fh{w) = w + log f 1 - - 



+ ZUh{z) 



with 



W 



1 



1 



27rai 

Now assume we want to show that 
\Fh{w) - {w + 1)\ = 



7 log 



crhUh{z) 
1 + ZUh(z) 



(^hUfAz 



1 + ZUh{z) 

for some A with < A < 1/4. As 27caA < 1, it is enough to prove 



< A 



1 



CThUhiz) 



As lAI 



27ra 

1, it is enough to show that 

1 



a'' 1 + zuhiz) 



A 

< —. 

e 



2TTa 



(^hUhjz) 

1 + ZUh(z) 



A 



< 



A 



Replacing ah by its value from equation (E}, and using |1 



A)(l 



Uh{z) 



< 



A I < 27ra, we obtain 
Uh{z) 



(6) 



{1 + zuh{z))uh{0) 
Since Uh belongs to a compact class, it is possible to make 

Uh{z) 



{1 + zuh{z))uh{0) 



1 



{1 + zuhiz))uhiO) 



less than ^ by restricting 2; to a sufficiently small disk of radius 6 around 0. So, 



1 



Uh{Z 



zuh{z))uh{0) 



< 



1/4 



4e 



on B{0,6). 



By Lemma [XT] part (1), there is a constant C'{S) > Y such that \z\ = \Ta{w)\ < 6 holds 
for every w G 6(C"(5)). With this constant C'{S) (for C2), we have the first inequality in 
part (1) of the lemma. 

The second inequality in part (1) follows from the Cauchy estimate (integral formula) 
applied to Fh{w) — w — 1, once we restrict w to smaller domain Q{C'{6) + 1). Hence, for 
C2 '■= C'{6) + 1 we have both inequalities. 
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For the first inequality in Part (2), using Taylor's Theorem for Expression ([6]), one 
obtains 

^ M^) ^ o I <(o) 

(1 + zuhiz))uhiO) 'm,,(0)-i" 
Moreover, as Uh belongs to a compact class, 

, <(0) 



< D' 



uh{0) - 

for some constant D'. 

Using part (2) of Lemma \3A[ we conclude that for every w G 0(^), we have 

h _ ""^[""l I < 2Z}'C'i-e-2™i-- 

[1 + zUh{z))Uh{0) r 

2D'Ci a Imui 
e r 

e 

This proves the first inequality by introducing C3 := 2D'Ci/e. 

The other inequality in (2) is also a consequence of Cauchy estimate, once we restrict w 
to 6(^ + 1). 

Part (3) : By explicit calculation one can see that e ^'^"/i is univalent on the ball -8(0, 1 — 
v/8/27e~2^) D 5(0,2/3). Koebe distortion Theorem applied to this map on 5(0,2/3) 
implies that cp;, G 5(0, 2) \ 5(0, .22). 

By above argument, there is a choice of cp^^^ in T^^(cp;j) that belongs to a compact 
subset of C (independent of a). Since h converges to maps in the compact class XS as 
a — )■ 0, cp^^ visits 6(6*2) in a finite number of iterates i{h), uniformly bounded by some 
constant jo independent of h. For the same reason, 

|F^(cp^J|<C", for ^ = 0,1,... ^(/i) 

for some constant C . 
Part (4) : 

It is enough to prove the inequalities for small values of a. For larger a, there are 
only finite number of iterates to consider. Therefore, by our previous argument in part 
(3), the inequalities hold for large enough C4. So, in the following we assume that a < 

By the first part of this lemma, at each step j with i{h) < j < jo + we have 

^^■(cp^J G 9(^2), 

C' + |<Rei^(cp^J<C' + ^ + |. 



and. 



-C' - — < -C < ImF.^Ycp^ )<C' + ^-<C' + —. 
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Now, one can use part (2) with rj = ^ at Fj^cppJ, for j = i{h), . . . , jo + to obtain: 

\Fh{FI{cppJ) - FlicppJ - 1| < C3|e2™(^'+i^) 

<6C3e-(^'+5)l 
j 

Putting above inequalities together using triangle inequality, we obtain the following esti- 
mates for every j < jo + 



m=i{h) 

< C' + 6C3e"(^'+^)(l + logj 



<C" + 6C3e'^(^'+^)(l + log:^), 



similarly. 



ReF^(cppJ <C' + (j - lih)) + 6C3e"(^'+^)(l + logj), and 
ReF;^(cp^J > -C + (j - z{h)) - GQe^^^'+i^ll + log |j - jol) 
This finishes part (4) by introducing the appropriate constant C4. □ 

3.3. Estimating the linearizing coordinate. The following lemma is repeating the 
existence of the Fatou coordinate stated in the second part of Theorem 11.31 There is a 
standard argument based on the measurable Riemann mapping theorem to build such a 
coordinate. Since we need to further analyze it, we repeat this argument in the next lemma. 
It is mainly following |ShiOO] . 

For real constant Q > 0, let Eg denote the set 

Eg := G C : Q < Re(u;) < - - Q}U 

a 

{w eC: Re(w) < Q, and \\mw\ > - Re{w) + 2Q}U 

{w eC: Re{w) > - - Q, and |Imw| > Re(u7) - - + 2Q}. 

a a 

Lemma 3.3. For every map h G e^'^'^'XiS with a less than So (obtained in Lemma \3.S\} . 
there is a univalent map Lh ■ Dom (Lh) C with the following properties: 

(1) U {cp^^} C Dom(L/j) and 

{w eC:0< Re{w) < [l/a\ - k} C L/,(Dom (Lh)) 
(same k as in Theorem \1.3\) . 
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Figure 4. The gray region shows the domain T,C2- 

(2) Lh satisfies 

(Abel functional equation) Lh{Fh{w)) = Lh{w) + 1 

whenever both sides are defined. Moreover, Lh is unique once normalized by map- 
ping the critical value of Fh to 1. 

Proof. Let la denote the vertical line {a + it : — oo < t < +oo}, for a in [C2, ^ — C2 — |]. 
If a < Eq, by Lemma I3.2| -(l). image of la under Fh does not intersect itself. By the 
same lemma, the two curves la and Fhifa) cut the complex plane into three connected 
components. Denote closure of the one with bounded real part by ICh- 
Consider the homeomorphism 

^: {u; G C : < Re(w) <l} ^K,h 

defined as 

g{s + it) := (1 - s)(a + it) + sFh{a + it). 
The partial derivatives of g exist everywhere and can be calculated as 



(7) 



= -[Fh{a + it) - (a + it) + 1 + s{F'h{a + it) - 1)], 
= ^[Fh{a + it) - (a + it) - 1 + s(l - Fl^ia + it))]. 
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By the inequalities in part (1) of Lemma [3^ dilatation of the map \gw/ gw\-, is bounded 
by 1/3. Thus, it is a quasi- conf or mal map onto /C^. Moreover, 

V^/; G /a, g'\Fh{w)) = g-\w) + 1. 

The Beltrami differential 

, , dgldw, ,dw 
og/ow aw 

is the pull back of the standard complex structure on C by g. Using i^(Ti(w)) = ^{10), we 
can extend z/(w) over the whole complex plane C. By measurable Riemann mapping theo- 
rem ( |Ahl06j . Ch V, Theorem 3), there exists a unique quasi-conformal mapping (71 : C — )■ C 
which solves the Beltrami differential equation -^gi = v ■ -§^gi and leaves the points and 
1 fixed. 

As (71 o Ti o is quasi-conformal and d{gi o Ti o g^^)/dw = 0, by explicit calculation, 
Weyl's Lemma ( |Ahl06] . Ch II, Corollary 2) implies that this map is a conformal map of 
the complex plane. As it is conjugate to Ti, it can not have any fixed point. Therefore, it 
is a translation of the plane. Finally, gi{0) = 1 implies that gioTio g^^ = Ti, or in other 
words, gi{w -|- 1) = gi{w) + 1. 

For the same reason, the map := gi o g^^ : /C/i — )■ C is conformal and by previous 
arguments satisfies Lh{Fh{w)) = Lhiw) + 1 on la. This relation can be used to extend Lh 
on a larger domain. By part (1) of Lemma [3. 2[ for every w G there is an integer jw for 
which Fl^{w) G JCh- Thus domain of Lh contains at least and by definition satisfies 



the Abel functional equation on its domain of definition. 

Note that Lh{a) = 0. Given any simply connected domain in C \ {0,cr/i}, there is a 
continuous inverse branch of Th defined on this domain. Further, if image of such a domain 
under this branch, r^^, is contained in domain of L^, composition of this branch and 
is a Fatou coordinate for h. By uniqueness in Theorem II. 3 j there exists a constant th such 
that LhOT^^ + th = ^h is the unique Fatou coordinate which sends cp;^ to zero. This would 
imply that Lh extends over a larger domain containing cp^^ on its boundary. Moreover, 
its image contains the set 

{w G C : < Re{w) < [l/a\ - k} 

for the constant k obtained in that theorem. □ 

To control Fatou coordinate of a given map h, which is of the from Lh o t^^, we need to 
control Lh- First we give a rough estimate on derivative of Lh- 

Lemma 3.4. There exists a positive constant C5 such that for every h G e^'^°'25, and 
every ( with 1 <ReC <l/a- k, we have I/C5 < |(L^^)'(C)| < C5. 

Proof. Let G : (0, 1/a—k) x (—00, 00) — j- C, denote the map through this proof. We will 
consider two separate cases. First assume ^ := G{() G 6(C2) and Im^ G (1.5, 1/a—k— 1.5). 
So, G is defined and univalent on 5(C, 1.5) and Fh{0 e + 1,1/4). Now, by 1/4 
Theorem, |G'(C)|/4 < (1 + 1/4) which implies G'{() < 5. For the other direction, by 
Koebe distortion theorem, we have 

yweBiCA), |G"H/G"(C)|<45. 
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By comparing distances d{(, C + 1) and Fh{C,)), we obtain 

45|G"(C)|>1- sup |G"(«;)| > 1-1/4 = 3/4, 

weB{(,i) 

which imphes, |G"(C)| > 1/36. This proves the lemma in this case. 

Now if ^ G 6(C2) and ImL/i(^) G (1,1/a — k). By Abel functional equation in 
Lemma 13.31 at least one of ^, Fh{^), F^{^), F^\^), satisfies above condition. 

Differentiating Abel functional equation and using Lemma [3.21 part (1), we see 

m<\L'dm))\/\m)\ = \Km<5/^, 

which takes care of this case. 

Finally, if ^ ^ ©(^2) then C, belong to a compact subset of C. As the normalized Fatou 
coordinate Lh is univalent and depends continuously on h in the compact open topology, 
this case follows from compactness of the class 25 [a*]. □ 

Finally, the following is a fine control of Lh- Let Ce > 1 be a positive constant that 
satisfies C4(l + log ^) + 2C5 < Cg/a. 

Lemma 3.5. There exists a positive constant C7 such that for every map with a{h) < 
Eq, every r G (0, 1/2), and every wi,W2 G Dom Lh with 

- Rewi = Re 1^2, and Imwi, lmw2 > —Ce/a, 

- for all t G (0, 1), twi + (1 - t)w2 G + 1), 

we have, 

(1) \ Re{LhM-Lh{w2))\<Cj/r 

(2) I lm{Lhiwi) - Lh{w2)) - \m{wi - W2) \ < C-jjr 

Proof. Given Wi,W2 satisfying the conditions in the lemma, choose a vertical line / with 
Wi,W2 G JCh ill the construction of the map g in Lemma l3T3l Let Fl^'^\cppJ be the first 
visit of cp^^ to Sc2, and let w* := Fl^^^^'' {cppj be the first visit of this point to JCh- By 
part (1) of Lemma [3.21 j < < Hence, (4) of the same lemma implies that 



Imw* G [-^4(1 + log T^), C4(l + log ^)]. 

da 6a 

Let th be a complex constant with imaginary part in this set and 

{Lh + th){w*) =t{h)+j- 



Then by Abel functional equation we conclude that cp^^^ is mapped to under Lh + th- 
We will denote this map by the same notation Lh, thus Lh{w*) = i{h) + j. 

We have the following simple inequalities for the quasi-conformal map g^^ constructed 
using the choice of vertical line /: 

I lm{g-^{wi) - g~^iw2)) - Im(wi - ^2)! < 1/2, 

\Re{g~\wi))-Re{g-\w2))\ < 1/2. 

To prove similar results for Lh, we will compare it to g"^ using Green's integral formula. 
Choose ti and t2 so that wi and W2 are contained in the curves s g[s + iti), and 
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s I— 7- g{s + it2), for < s < 1, respectively. Using notations ( = s + it, d( = ds + idt and 
dC, = ds — idt, by Green's Theorem applied to the map gi{C) = o g on the rectangle 



we have 

(Green's formula) 



V:={CeC:0< Re(C) < 1, ti < ImC < ^2} 

dgiiO 



giiOdC 



dV 



V 



d( A dC. 



If we let w = g{C)y the complex chain rule for gi{(), using the Cauchy-Riemann equation 



= 0, can be written as 



dgi _ djLhog) _ ,dLh ^ .dg_ 



Therefore, 



dC 



dC A dC 



< 



< 



t2 /•! 



ti Jo 

t2 /■I4 



\dgiiO 
dC 



dsdt 



J^' ^ ■ sup |L'J ■ C'3^e-2™^°^^(^+'*) dsdt. 



The last inequality follows from ([7]) and Lemma l3.21 -(2). By our assumption on wi and 
W2, the last integral is less than or equal to 

lc'5C3-e-2™(*-i/4) dt 
3 r 



Ce/a 

Svrr 



^ - ~^5'^3 ^-27ra(-C6/Q-l/4) 



< 



which is bounded independent of a. 
If we parametrize boundary of V as 

:= a, ie [ti,t2] :=^ + it2, [0,1] 

7?3W := l + i(ti+t2-^), ^G[ti,t2] ??4W:=1-^, ie[0,l] 

the left hand side of the (IGreen's formula^ can be written as 

rt2 



ti 



gi{i£)idi+ [ gi{i + it2)d£+ 
Jo 



t2 



(7i(l + i(ti+t2-^))(-i) di + 
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Replacing gi{( + 1) by gi{C) + 1 and making a change of coordinate in the third integral, 
we obtain 



-^{t2-tl)+ [ gi{i + it2)di+ [ -gi{l 
Jo Jo 



Now we show that the above two integrals are in bounded distance of Lh{w2) and 
—Lh{wi), as follows: 



gi{i + it2) di - Lh{w2) < / \giii + it2)- Lh{w2)\di 

Jo 

= [ \giii + it2)-gi{ii + it2) 
Jo 



< 



f sup \g[{C)\di<-C,, 

Jo C6[0,l]+it2 ^ 



for some ^l G [0, 1]. Similarly 



Now one infers parts (1) and (2) of the lemma by considering real part and imaginary 
part of I Green's formulal) . □ 

3.4. Proof of the main technical lemmas. 

Proof of Lemma \2.6[ It is enough to prove the statement for small values of That is 
because the sector is contained in Dom /„ C 5(0, 4/27e^'^). Therefore, it has uni- 

formly bounded diameter. Now, one can choose a large enough M to satisfy the inequality 
in the lemma once a„ is not too small. 

Let Ln denote the linearizing map Lf^ corresponding to /„ that can be obtained in 
Lemma [3.31 Consider the half-line 

7(t) := PW'^-i (cp^J + it : - ACj, oo) ^ C. 

By part (4) of Lemma 13.21 

ReFp/2M(cp^J G [L1/2«„,J -C4(l + log-^), [1/2«„J + ^4(1 + log -^)]. 

[l/2a„] 



Thus, for sufficiently small one can use Lemma [3.51 with r = Wi = Fn ' (cPi?„ 
and W2 any point on 7, to conclude that 

diam{ReL„(7(t)) - : t G Dom 7} < 4C7, 



Hence, the set 



2an 

ImL„(7(-l/a„ - AC7)) < 
U i?(L„(7(t)),4Cr + 2) 

tSDom 7 
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contains the half-strip 

(9) A := {C G C : [^^J - 1/2 < ReC < L^J + 1/2, ImC > - — }• 

Now, by Lemma [3.41 image of this strip under must be contained in the set 

U B{^{t),C,{4Cj + 2)), 

fgDom 7 

which is, by Lemma [3^ part (4), a subset of the half-strip 



B:= |cgC: |ReC - Ltt^JI <C4(l + log-^) + C5(4C7 + 2), 
I 2 On 2a„. 



ImC > — - 4C7 - C,{1 + log - C,{4Cr + 2)}. 

By definition of 5'°, 

/'"(•^n) = {zeVn: 1/2 < Re<l>„(^) < 3/2,Im$„(^) > -2}. 
Equivariance relation, (Theorem 11.31 -b) ), implies that 

= {zeVn. L^J - 1/2 < Re<l'„(^) < L^J + l/2,Im<l>„(z) > -2}. 

Since = r„ o L^^, to conclude the lemma. It is enough to bound diam r„(i?). For 
small a„. Lemma 13.1 1 with r = 1/4 applies and we obtain diam r„(i?) < Ma„, where 
M = 4Cie''(2+*^'^^+'^5(4C7+2)+3C4)_ j^g^yg further shown that: 

(10) VCgA, |r„(C)|<M«„ 

Which will be used later. □ 



Proof of Lemma \2. 7} If a„ is large and |w| is also bounded below then one can make choose 
the constant M large enough. So we only consider other cases. 

First assume that a„ is small so that the following argument works. Recall that rjn+i is an 
arbitrarily chosen inverse branch of Exp on Vn+i- So we may assume that Re(77„+i(P„+i) C 
[0, fc] by Theorem 11.31 If we let C = Vn+i{w)., then Im^ = -^log^^^. Now, let /t(n) := 

It follows from Lemma |3^ and 1331 with r = 1/4 (for small enough a„) that L~^[C, + K,[n)) 
satisfies the following: 

^ <ReL-\C + K{n))< ^ 



Aan 4a„ ' 

lmL-\C + K(n)) > ^ log - 4C7 - C4(l + log 



27r ° 4 ' -V °2a„- 
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Now one uses Lemma [3. II part (2), with r = 1/4, to obtain 

\f:^''\A.+iiw))\ = K{L-\c+<nm 

which proves the lemma in this case. 

The lemma for larger a„ and sufficiently small \w\ follows from compactness of the class 
liS[a*]. Indeed, fn belongs to the class liS[a;*] with G [e,a*] for some e and one can 
see that the associated map F„ converges geometrically to 2 — )■ 2; + 1 as Im^; — )■ oo. This 
implies that the linearizing map L„ is bounded away from a translation at points with large 
imaginary part. Now one uses continuous dependence of linearizing map on the map 
on a compact set [e, a*] x [—2, large number] to conclude that the translation constant must 
have a bounded absolute value. Therefore, if C = Vn+i{w), then | lmL~^{() — Im^| < M' 
for some constant M' . Like above argument this implies that for any choice of K{n) G 
[0, — k — 1] we have 

for some constant M". □ 



4. Measure and topology of the attractor 

In this section we consider Lebesgue measure (area) and topology of the post-critical set 
of quadratic polynomials with a non-Brjuno multiplier of high return times. 

We will show that intersection of the sets f2g, which contains the post-critical set by 
Proposition 12. 4[ has area zero, by showing that it does not contain any Lebesgue density 
point. Strategy of our proof is to show that given any point z in this intersection, one can 
find balls of arbitrarily small size but comparable to their distance to z in the complement 
of the intersection. The balls will be introduced in domains of the renormalized maps 
and then transferred through our changes of coordinates to the dynamic plane of P^. We 
will use the Koebe distortion theorem to derive required properties about shape, size, and 
the distance to z of the image balls. 

4.1. Balls in the complement. The following lemma guarantees the complementary 
balls within the domain of each /„. 

Lemma 4.1. There are positive constants 61 and r* such that for every C G C with lm.( < 
^log^^^, and Exp(C) G ^n+i /^'^ some integer n > 1, there exists a line segment 7^ : 
[0, 1] — 7- C with 7„(0) = C satisfying the following properties: 

(1) Exp (i?(7„(l),r*)) nfio+i = 0, /„+i(Exp(5(7„(l),r*))) nr]0+i = 0, 

(2) Exp(S5,(5(7„(l),r*)U7n[0,l])) CDom(/„+i)\{0}, 

(3) diam Re (55,(5(7,(1), r*)U7n[0,l])) <l-6,, 

(4) mod (5(7,(1), r*) U7n[0,l]) \ (5(7„(1), r*) U 7n) > ^i- 
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Figure 5. The three curves in different colors approximate part of the orbit 
of the critical point for different values of a. The light grey one is for a = 
[3, 1, 1, 1, ... ], the grey one for [3, 50, 1, 1, 1, ... ], and the dark grey one for 
[3,50,10^1,l,l,...]. 

Proof. First assume On+i < 8(FrT) ' ^oj'' "^^ere is the constant obtained in 

Lemma [3.21 Consider the line segment 

^(t):=t_(2 + t/2)i:[2,-^]^C 

2a„+i 

between the two points 2 — 3i, and 2a +i ~ (2 + 4^7^)1- every t G [2, ^^-"-^J , under our 
assumption a„+i < 4^^^, we have 

B{§{t),t/2) C {w e C : < ReH < — k.lmw < -2}, 

(11) ^ 

B{d{t),t/2) + 1c{wGC:0< Re(u;) < k,\mw < -2}. 

OLn+l 

Similarly (when < l/S/c) one can see that 

B{d{t),?,t/A) C {w G C : < Re(w) < — k} = $„+i(P„+i) 

«n+l 

which gives the following lower bound for conformal modulus: 

(12) mod ($„+i(P„+i) \5(i9(t),t/2)) > T^log| 

The idea of the proof is to show that lifts of ^~\i{B['d{t),t/2)) via Exp provide balls 
satisfying the required properties in the lemma. First we will consider lifts of the curve 
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*^n+i ° '^i^ 'Exp and show that they start from a bounded height and reach the needed 
height 2^ log Then we consider lifts of ^~^^{B{{}{t),t/2)) and show that they contain 
balls of a definite size. 

Recall that ^n+i = '^n+i ° L^+i- By Lemma [3^ we have 

\L;^Um) - CVF^J < sup \L-l,\ ■ 1(2, -3) - (1,0)1 

< C5VT0. 

Since r„+i maps the critical value cvf^_^-^^ to —4/27, one can see that every point in 
Exp~^($~:{:]^('(9(2))) has imaginary part uniformly bounded above by some constant 6. 

For the other end point, '^{ 20^^-^ ) belongs to the half-strip A defined in iQ. Thus by 
( ITOj) . we have 

This implies that every point in E.xp^^(^^^^('d{^ — ))) has imaginary part bigger than 
2^1og^-^log^. 
To transfer the balls, consider the map 

(13) 

where r/n+i is an arbitrary inverse branch of Exp defined on C minus a ray landing at 0. 

We claim that there exists a constant M' such that derivative of the above map at every 
point t — 2i G C, t G Dom i), is at least M'/t. By compactness of the class XiS[a,,] and 
continuous dependence of linearizing map in the compact-open topology it is enough to 
prove the claim for values of t bigger than some constant (indeed when 6*4(1 +logt) < t/2)). 
Also by Koebe distortion theorem, it is enough to prove this for integer values of t bigger 
than that constant. For such t's, L~:{:]^(t) = F^^^{cvp^_^^J. So by Lemma \^72\ part (4), we 
have 

I lmL-l^{t)\ < C4(l + logt), and | ReL-|i(t) - t\ < 0^(1 + logt). 
Hence, by Lemma 13. 4[ 

(14) I lmL-l,{t - 21)1 < C4(l + logt) + 2C5, 

I ReL-ji(t - 2i) - t| < C4(l + logt) + 2C5. 

Define the set Of as follows: 

:= G C : I ImCI < 6*4(1 + logt) + 2C5, and | ReC - t| < ^^4(1 + logt) + 2C5} 

The point t belongs to Ot, and by an explicit calculation one can see than 

(r7„+i o r„+i)'(t) > l/2t. 

As mod (C* \ Ot) is bounded below independent of t (indeed, it is increasing in terms of 
t), Koebe distortion theorem implies that there exists a constant M" such that for every 
^ G Of, we have 

iVn+i o r„+i)'(0 > M"/t. 
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Since L^li{t — 2i) G Ot, by (fT^ . combining with Lemma [33] we have 

, M"l 

iVn+l O Tn+l O L^+J (t - 2l) > — -. 

L-5 t 

Again Koebe distortion theorem, using ( !T2|) . imphes that 

e B{^{t),t/2) we have, (r/„+i o r„+i o > M' /t 

for some constant M' independent of t and ctn+i- Therefore, image of the ball B{'d{t),t/2) 
under the map f lT^ contains a ball of constant radius r* around Exp pre-images of 

Domain of fn+i contains the ball of radius .22, therefore, every point in C with positive 
imaginary part is mapped into Dom fn+i under Exp. To associate a curve 7„ to the given 
point (, we consider the following two separate cases: 

If Im^ > 1, by previous argument, there exists a point (' in a lift of ^^^^{{}) (under Exp) 
which satisfies Re(C-C') < 1/2 and Im(C-C') < max{5, ^ log ^}. Define 7^ : [0, 1] ^ C 
as the straight line segment between ( and (' with 7n(0) = C aiid 7n(l) = C'- Thus, 
i?(7„(l),r*) U 7n[0, 1] projects into Dom fn+i- Moreover, if r* is chosen less than 1/4, we 
have 

diam (Re(5(7„(l), r*) U 7„[0, 1])) < 3/4. 

Hence, Exp is univalent on the 1/4 neighborhood of i?(7„(l), r*) U 7„[0, 1]. 
Part (1) of the lemma follows from (JTTl) and that (when a;„+i < 

U /n+l(^n+l) r^{we : Im^n+lH < -2} = 0. 

j=0 

Parts (2) and (3) follows form definition. 

Now assume that Im^ is uniformly bounded above, or ttn+i is bounded below (which 
implies Im^ is bounded above). In this case our argument is based on the compactness of 
the class X5[a*]. Indeed, there exists a. 6' > such that 

(15) fi^,(^]°+l)cDom/„+l. 

Since ^ = Exp(^) is away from and has uniformly bounded diameter, there exists a 
(uniformly bounded) real number s > 1, with 

B{s^, 6'/2) n fio+i = 0, and fn+i{B{s^, S'/2)) n Q^^, = 0. 

Now, define 7'(t) := + (1 — t)sC, : [0, 1] — t- Dom /„+i. The curve 7„ is defined as the 
lift of 7' starting at Thus, Exp^^(i?(s.^, 5' /2)) contains a ball of radius r* satisfying the 
lemma in this CclSG clS well. □ 

Lemma 4.2. There exists a real constant S2 < Si such that for every ^ G C with Exp(^) G 
^n+i> have 

• Exp(5(^,52)) cDom(/„+i), 

• Vn G Z, Exp(5(n,52)) C int ftiS^) C ^l- 
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Proof. It follows from continuous dependence of the Fatou coordinate in the compact-open 
topology, that there exists a real constant 6 > such that for every n > 0, 

B{-4/27,6) C ftiS^n) = {^eC:lm^> -2,1/2 < Re^ < 3/2}. 



The first inclusion in the lemma follows from (1151) and the second one follows from above 
observation. □ 

For every integer n > 1 and every integer j, with < j < — A;, we define curves Inj 
as follows 

In,j := G C : Ree = i, Ime > -2}. 

Each Inj is a smooth curve contained in and connects boundary of to 0. Also one 
can see that for every such n and j, every closed loop (image of a continuous curve with the 
same initial and terminal point) contained in \ Inj is contractible in C*. This implies 
that there is a continuous inverse branch of Exp defined on every \ Inj- 
By compactness of the class X5[a*] there exists a positive integer k' such that 

(16) Vj with < j < — k, sup arg(2;) < 27ik', 

for every continuous branch of argument defined on \ I^j. We assume the following 
technical condition on a;„'s 

1 



during this section. 

4.2. Going down the renormalization tower. Fix an arbitrary point zq in H^^o 
different from 0. We associate a sequence of quadruples 

to Zq, where Zi and Wi are points in Dom(/j), Q is a point in $j(Pj) and a{i) is a non- 
negative integer. This sequence will serve as a guide to transfer the balls in the previous 
lemma to the dynamic plane of /q. 

The sequence of quadruples (fTS!) is defined inductively as follows: Since zq G 
u]=o° Vo ('S'o)! we have one of the following two possibilities: 

Case I: zq G Vq, and one of the following two occurs: 
-Re$o(^o) e [k' + l/2,l/ao-k], 
- $o(zo) e B{j, 62) for some j = l,2,...,k' 

Case II: zq G Pq, Re $0(^0) G [0,^-' + l/2), and $0(^0) ^ 5(j, (Ja), for j = 1, 2, . . . , A;'. 
Or, 

If case I occurs, define wq := zq, cr(0) := 0, and Co '■= ^oi^o). 
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If case II occurs, let Wq G Sq, and positive integer cr(0) < k^ + k' be such that fQ^^\wo) = 
Zq. The point Wq satisfying this property is not necessarily unique, however, one can take 
any of them. The positive integer a{0) is uniquely determined. Indeed when cr(0) <kQ — l 
or l^ol is small enough, such wq is unique , otherwise, there are at most two choices for wq. 
The point is defined as $o(w^o)- This defines the first quadruple {zQ,woXoy'^{^))- 

Now, let zi := Exp(^o)- Since zq belongs to r2g. One can see that zi belongs to 
fi{Si) . Thus, we can repeat the above process (replacing by 1 in the above 
cases) to define the quadruple (2:1, Wi, Ci, o'(l)) and so on. In general, for every I > 0, 

z, = EMCi-i), eu]Lr f lis?), 

(19) f[^'\w,) = zi, Hm):=(i, 

< <ki + k' < k" + k' 

where k" is a uniform bound on the integers ki. 

By definition of this sequence, for every n > we have 

k' + 1/2 < ReCn < — - k, or, 

(20) ' - ^ an 

Cn e B{j, ^2), for some j G {1, 2, . . . , k']. 

The following lemma guarantees that some of Q in the above sequence reach the balls 
provided in the previous lemma. 

Lemma 4.3. Assume that zq G n^g^o \ {^}> ^'^^ a is a non-Brjuno number in Irr^- 
If {Cjlj^o above sequence associated to Zq, then there are arbitrarily large positive 

integers m with 

Im Cm < 77- 



2vr am+i 

To see this, we need the following lemma. Let Di be a constant such that 

> -^ + C2 + 4^7 + ^4(1 + log ^ ^ 



for every a„+i G [1/2, 00), where the constants 02,0^, and Cj were introduced in Lem- 
mas 13.21 and 13.51 

Lemma 4.4. There exists a positive constant D2 such that for every n > 0, we have 



(21) z/ ImC„+i > 



then Im Cn+i < Im Cn log h ^ 
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Proof. Given (n+i with Im^„+i > Di/an+i, there is an integer i with ^^^^ < i < such 

that Re L~l_^((^n+i + i) & tlo^' 2a~^ ~^ P^^^ (^) Lemma I3.2[ and Lemma I3.5[ 

both with r = 1/4, we obtain 

ImL-|i(C„+i + i)> Im(C„+i + z) - 4C7 - ^4(1 + log ■ ^ ^ 



By our assumption on lm(n+i, this imphes that 

ImL;|i(C„+i + z)>-^ + C2. 

Now, one uses part (1) of Lemma [321 to conclude that i iterates of L^^-^{Cn+i + i) under 
Fn+i stay in 6(C2), and moreover, 

ImL-|i(C„+i) = ImF„7i(L^|i(Cn+i + 0) 

> ImL;_J:^(C„+i +i) - - 

>ImCn+i-4C7-C4(l + log ^ ^ ^ 



Using Lemma |3TT] with r = 1/4 at L~^^((^„+i) implies that 

\rn^iiL'MUi))\ < 4Cia„+ie-^— (^'^^"--^''-''^^^+^°^^)-^). 
Hence, = Cn+i implies 

kn+l| = |'^';+l(Cn+l)| 

< Crv , p-27i-a„+i ImC„+i 

for some constant C . 

As Wn+i is mapped to Zn+i in a bounded number of iterates a{n) under fn+i which 
belongs to a compact class, \zn+i\ < C"|u'„+i| for some constant C . Therefore, 

4/27e"^''^™'^" = I - 4/27e~^'''^"| 

Multiplying by 27/4 and then taking log of both sides, one obtains Inequality (12T1) for some 
constant D2- □ 

Proof of Lemma \4.3\ Given integer £ > 1, we will show that there exists m > £ satisfying 
the inequality in the lemma. For arbitrary a, one of the following two occurs 

(*) There exists a positive integer uq > i such that for every j > uq, we have Im Cj > 

(**) There are infinitely many integers j, j > i, with IraQ < 
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Assume conclusion of the lemma is not correct, that is, for every m greater than or equal 
to i we have ImCm > t-Iok — —■ We will show that each of the above cases leads to a 
contradiction. 

If (*) holds, we can use Lemma [4.41 for every j > tiq. So, for every integer n bigger than 
no, using Relation f l?T]) repeatedly, we obtain 



(22) Im C„ < ^- Im C^-i - 7. ^- log — 

1 1 1 1 1 

log log 



2T(anOLn-l ' ' ' «no+l Q;„„+i 2'Ka 

1 1 1 



Let := 1, and (3j := ao«i ■ ■ -aj, for every j > 0. Using our contradiction assumption 
and then multiplying both sides of the above inequality by 27i(3n, we see 



n ^ 

Ef3j log < 2TT/3no-i ImCno-1 + SvrDa (Xo-i + /^no H ^ X-i) 

< 27rImC„o-i + 27rL)2. 



]=no—l ■' 



Since n was an arbitrary integer, this contradicts a being a non-Brjuno number. 

Now assume (**) holds. Let ni < m2 < ^2 < < < ■ ■ ■ be an increasing sequence 
of positive integers with the following properties 



For every integer j with rrii < j < rii, we have IraO < — 

aj 

For every integer j with < j < r/ij+i, we have Im(^j > 



Estimate (l22l) holds for j = nj + 1, rij + 2, ■ ■ ■ , mj+i — 1, where Lemma 14.41 can be used, 
and implies that for every i>2: 



J=ni 

Hence, 



V /3j log < 2TT/3n, Im Cn, + 2nD2 + Pn^+l + ■■■+ /9„^,+ l-2) • 



00 

5^/3,iog — = Yl /^^i^g — + E /^^i^g — 

^ 00 

< /3.1og^ + 27r^/3„JmC„, + 27rD2 /S,-- 

j;mi<j<ni i=2 j; ni<j<mi+i-l 
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In the first and the second sums we have used tt-Ioet^— < ImCi < — • Therefore, the 
whole sum is less than 



i; 'm,i<j<ni i=2 j=n2 

which contradicts a being a non-Brjuno number. □ 

4.3. Going up the renormalization tower. Recall the sectors C~* U (C^)^*, for i = 
1,2, kn, introduced in definition of the renormalization (for /„), where = C~^" U 
{Cl^~^". If kn < k' + 1, by our assumption ( 1T7|) on k', we can consider further pre-images 
for i = kn + 1, ■ ■ ■ , k' + 1 as 

C-':=<^-\<l>n{C-'")-{z-kn)), 

(Cir := K\^niiCl)-''^)-i^-kn)). 

Let Vn denote the sector Q'^'-i U (C«)-'='~\ and observe that f^'+^ : ^ /^IS"")- 
For every integer n > 0, define the set as: 

k' 

Vl.= [jmVn). 

j=0 

We define a map $5^ : — )■ C, using the dynamics of /„, as follows. For z G V^, there 
is an integer j with < j < /c' + 1, such that fl{z) G Pn- Now, let 

<l>i{z) :=<l>nU-i{^))-J- 

As satisfies the Abel functional equation, one can see that $5^ matches on the boundary 
of above sectors and gives a well defined holomorphic map on V^. The map is not 
univalent, however, it still satisfies the Abel Functional equation on V^. It has critical 
points at the critical point of /„ and its pre-images within V^. The k' + 1 critical points 
of are mapped to 0, 1, . . . , A;'. 

The map $5^ is a natural extension of $„ to a multi- valued holomorphic map on V^UVn- 
However, the two maps 

k' l/an+k'-k-l 

<l>i : [j fiiVn) ^ C, and : (J ^Vn) ^ C 

j=0 j=k'+l 

provide a well-defined holomorphic map on every k' + 1 consecutive sectors of the form 
fi{Vn)- We denote this map by $5^ 11 $„. More precisely, for every / with < / < — k, 

k' 

j=0 
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is defined as 

$^n$ =1'^"^^)' if^e/;(P„)and^<fc' + l; 
" " \$nW, if ^ G and ^ > A;' + 1. 

Consider the Sequence (ITSl) and assume that Im C„ < 77- log holds for some positive 
integer ra. Let An denote the topological disk (i?(7„(l), r*) U 7„[0, 1] with 7„ and r* 
were introduced in Lemma 14.11 We will define domains Vn, Vn-i, ■ ■ ■ ,Vi and holomorphic 
maps gn+i, dn, ■ ■ ■ ,91 satisfying the following diagram 

(23) An K K-i ^ ...V, ^ Vo:= B{Q'„ 1) 

where, 

Ki = fi^ \ Im,j(m), for some with < j{m) < - k, 

f^m : Kra — for cvcry m with 1 < m < n, 

gra{zm) = z^-i foT cvery m = 1, 2, . . . , n. 

The idea is to use an inductive process to define pairs Qi + 1, V^,, starting with i = n and 
ending with i = 0. 

Base step i = n: We have Cn € An and satisfies ( 120|) . As diam < 1 — Si, and 
^2 < ^1, there exists an integer j, with < j < 1, such that 

Re{An-j) C (0, — -A;). 

an 

We define : An — > C as 

By Lemma H?T| Exp(^„ — j) is contained in Dom fn+i- So Lemma [?!T] implies that fi'^"^^^ 
is defined at every point in $~^(^„ that is, the above map is well defined. Using the 
same lemma, as j + a{n) < 1 + kn + k' hj ffT^ . we conclude that gn{An) is contained in 

n 

Because ^„ — j is contained in int it does not intersect the vertical line e 

C : Re^ = 0}. Therefore, ^~^{An — j) does not intersect the curve In,o- One can see from 
this that, gn+i{An) = fi^'^^"'\^n^ {An — j)) does not intersect the curve Inj', where j' is 
j + a{n) module [— J — k. We define Vn as \ 

Finally, by equivariance property of $„, 

Induction step: Assume {gi+i,Vi) is defined and we want to define {gi,Vi-i). Since 
every closed loop in Vi is contractible in C*, there exists an inverse branch of Exp, denoted 
by rji, defined on Vi with rii{zi) = O-i- Now consider the following two cases, 

case i: Re{rii{Vi)) C (1/2, 00), 

case ii: Re(?7j(Vi)) n (-00, 1/2] 7^ 0. 
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Case i. Since Cn £ Vii^i) satisfies f l20|) and diam Bs^irjiiVi)) < A;' + 1/2 by f fT6|) . there exists 
an integer j, < j < A;' + 1, with 

(25) c G C : I < Ree < ^ - A; - |}. 
We define : Bs2{rii{Vi)) — )■ C as 

(26) fi^.(C):=/tY^^"'^(<^'r-i(C-j)), 
and let 

9i{z) ■.= gior]{z). 

By Lemma [4.21 Kxp{Bs2{T]i{Vi))) is contained in Dom /j. Thus, Lemma [2.11 and condition 

(fT7|l imphes that f-^i^^ is defined on ^^^^-^^{Bs^iViiyi)) ~ j), that is, the above map is 
well defined. 

By equivariance property of (Theorem 11.31) . we have 

One also concludes from fl2^ that Bs^irji^Vi)) — j does not intersect the vertical line 
G C : Re^ = 0}. Therefore, 

g,{Bs2{vm~j) = ftr^'-'\^7-\{BsM{m - j)) 

does not intersect the curve where j' is j + a{i — 1) module [^^^J — k. Hence, by 

defining V^_i := VL^i_i \ h-ij', we have 

(27) UB5Amm)-j)(^v,^^, 

which will be used later. 

Case a. Because diam (//^(l^)) < k' and rjiiVi) contains Ci-i which satisfies ( l20l) . we must 
have Ci-i G B{i, 82) for some j in {1,2,..., k'}. 
We claim that 

(28) B5,{7],{Vi)) n {0, -1, -2, . . . , -A;'} = 0. 

As Exp(Z) = -4/27, it is equivalent to see that r]i{-A/21) ^ {0, -1, . . . , -A;'}. But by 
inclusion in the Lemma fl4.2p . for every integer ra, we have 

Exp(fi(n,(52)) C int Vi. 

This implies that 77i(-4/27) G {1, 2, ■ ■ ■ , k'}. 

The set B^^iViiVi)) h^is diameter strictly less than A;' + l, so it can intersect at most A;' + l 
vertical strips of width 1. More precisely, Bs^ijliiVi)) is contained in the A;' + 1 consecutive 
sets in the list 
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Thus, by the above argument about $5„]^n$j_i, and that every closed loop in Bs2ii]i{Vi)) is 
contractible in the complement of the critical values of n$j_i, there exists an inverse 
branch of this map, denoted by gi, defined on Bs^^rii^Vi)). We let 

In this case a{i — 1) = 0, ^i-i{wi-i) = Q-i, and Wi-i = Zi-i. So gi{zi) = Zi-i. 

Like previous case, one can see that gi^Bs^^rjiCVi))) does not intersect the curve li-ij 
for j = sup{Re(i?52(r7j(Vi)))} + 1. We can define := and obtain gi : Vi ^ ^j-i- 
Indeed, we have 

(29) MBsM{Vi)))cV^i. 
This finishes definition of the domains and maps satisfying ([2 



Each domain Vn, Vn~i . . . , Vq, is a hyperbolic Riemann surface. Let pi denote the 
Poincare metric on Vi, that is, pi{z)\dz\ is the complete metric of constant negative curva- 
ture on Vi. Similarly, Pn+i denotes the Poincare metric on An- The following two lemmas 
are natural consequence of our construction of the chain (|23i) . 



Lemma 4.5. Each map gi : {Vi, pi) — )■ (Vi_i, pj__i), for i = n,n — 1, . . . ,1, is uniformly 
contracting. More precisely, for every z & Vi, we have 



Pi-iig-iiz)) ■ \g'i{z)\ < Ss- pi{z). 



fnr S - 2fc'+l 



Proof. Let pi{z)\dz\ and pi{z)\dz\ denote the Poincare metric on the domains rii{Vi) and 
-Bfel^il^))' respectively. By definition of gi and properties (|27|1 and fl29l) we can decompose 
the map gi : (Vi, pi) {V^i, pi^i) as follows: 

{V,p,)^ (^^(V.),p.)cZ^ (BsMm,Pi) — (V^.-i,P.-i). 
By Schwartz-Pick lemma the first map, and the last map are non-expanding, i.e., 

P^iv^iC)) m)\ < PiiO, and Pi^iiUO) \9/iC)\ < PiiO- 

To show that the inclusion map is uniformly contracting in the respective metrics, fix 
an arbitrary point Co in Vii^i)^ and define 



Since diam rjiiVi) < k', we have | Re(C — Co))| ^ k' for every ( G rjiiVi) and also -ff(Co) = Co- 

C-Co 
C-Co+2fc'+i 



This implies that | a_/^2A:'+i I ^ Thus, 
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which imphes that H{() is a holomorphic map from rii{Vi) into Bs^iViiVi)). By Schwartz- 
Pick lemma, H is non-expanding. In particular at (q, we obtain 

~p.iCo)\H'iCo)\ = P.(Co)(l + < A(Co). 

That is, pi{Co) < (^3 " Pj(Co) for (^a = 2k'+i+S2 ^ Pitting all this together gives the 
inequality in the lemma. □ 

Lemma 4.6. There exists a positive constant S4 such that for every i = l,2, ...,n + l, the 
following holds 

• The map Qi : Vi —> Vi-i is univalent or has only one simple critical point . 

• The map Qi : Vi ^ V^_i is univalent on the hyperbolic ball 

BpXzi,5i) := {z eVi\ dpXz,Zi) < 64,}. 

Proof. Each map Qi is composition of at most four maps; rji, a translation by an integer j, 
$r_\, and fti^^~^- The first three maps are univalent. The map f-l!^i^^ is univalent or 
has at most one simple critical in $~_\(?7i(Vi) — j). To see this, first note that the critical 
points of fi^i^^ are 

{cp/,_i, /ii\(cp/,_j, ■ ■ ■ /i:'r"^'"'\cp^^_ J}. 

All of them are non-degenerate and, by our technical assumption, j + (j{i — 1) < 2k' -\- 1. If 
~ j) contains more than one point in the above list, by equivariance property 
of there must be a pair of points ^, ^ -|- m (for some integer m) in rjiiVi) — j. As this 
set is a lift of a simply connected domain in C* under Exp, that is not possible. 

The maps gi introduced in case ii are univalent, therefore, to see the second part, we 
only need to consider maps introduced in case i in the above inductive process. First we 
claim that there exists a real constant 5 > 0, such that the ball 

{z e Vi_i : dp,^_^{z,Zi^i) <5} 

is simply connected and does not contain critical value of gi (if there is any critical value). 

Assuming the claim for a moment, one can take ^4 := 5. Because, by the previous lemma, 
image of Bp.{zi,64^) is contained in the above ball. As Bp._-^{zi-i,6) is simply connected 
and does not contain any critical value, one can find a univalent inverse branch for g^ on 
this ball. Therefore, gi is univalent on the ball Bp.{zi,54). 

To prove the claim, note that by definition fl2B]) of gi-i, and condition < j < A;' + 1, a 
possible critical value of gi^i can only be one of 

-4/27, /,_i(-4/27), . . . , /^i(-4/27). 

First we show that if cvg._-^ belongs to $jl\(i?(Z, 52)) for some Z G {1, 2, . . . , k'}, then Zi^i 
does not belong to this set. To see this, we consider case / and case II in the definition of 
quadruples f lTS]) separately. 

If case I holds, then we have cr(z — 1) = 0, Zi_i = and Ci-i = $i-i(^i-i)- If 

ReCi-i > k' + 1/2, then Zi^i does not belong to any of the balls ^^\{B(l, 62)) for / G 
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{1,2,..., k'}. If Q_i G B{1, 62) for some I e {1,2 . . . , k'}, then by ([26]) there is no critical 
value of gi-i in any of ^~\{B(l, 52))- 

If case II holds, then, by definition of the quadruples, does not belong to any of 
$i_i(5(/,52)) for/ = 1,2,..., A;'. 

Finally, we need to show that each set ^l^^(B{l, 82)), for / = 1,2..., A;', contains a 
hyperbolic ball of radius 6 independent of I and i. Fix such an /, and observe that 

mod \ {B{1, 62)U{l-it\te [0, 2]}) > c 

for some constant c > 0. By Koebe distortion theorem for we conclude that 

Euclidean diameter ($jl\(_B(/, 52))) 

— j > c . 

Euclidean distance between and dVi-i 

As pj_i is proportional to one over distance to the boundary in the set ^^\{B{1, 62)) 
contains a round hyperbolic ball of radius uniformly bounded below. It is clear that each 
of these balls is simply connected. □ 

Let Qn denote the map 

Gn ■= 9l ° 92 ■ ■ ■ ° Qn+l ■ An ^q- 

Recall that 7„ is the line segment obtained in Lemma 14.1] and 7n(0) = Cn- So, 
Gn{ln{0)) = zq. The following lemma guarantees that Qn safely transfers the ball from 
level n + 1 to the dynamic plane of /q. 

Lemma 4.7. There exists a positive constant D3 such that for every introduced above, 
there is a positive constant r„ with the following properties, 

(1) 6;„(s(7„(i),r*))nfi^^ = 0, 

(2) S(6;„(7„(l)), r„) C 6;„(5(7„(1), r*)), and |e?„(7n(l)) - < ■ r„, 

(3) r„ < 1^3(^3)". 

Proof. 

Part (1): By Lemma [4.1] for every z G i?(7„(l),r*) we have 

Exp(2:) i and /„+i(Exp(z)) ^ ^l^,. 

We claim that this implies 

gn+i{,z) i Vtl, and fn{,gn+i{,z)) ^ Vl\, 

where 

[l/a„J(fe„+i+l/a„+i-fc-l)+l 

That is because if gn+i{z) G then by definition of renormalization and definition of 
VlI,, there is a G Pn H and h eVn^ such that fl^{a) = gn+iiz), f^^{gn+i{z)) = b, 
Exp($„(a)) = z, and Exp($„(6)) = fn+i{z) for non-negative integers ii and i2- One can see 
from this that Exp($„(a)) = z E ^n+i ^'^^ Exp($„(6) = fn+i{z) G ^n+i which contradicts 
our assumption. 
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The same argument implies the following statement for every i = n,?T, — 1,...,1, 
\iwi and fi{w) i 

then g^w) i and ji-MS.^)) i ^'l''' 

where is defined accordingly. One infers from these, with an induction argument, that 

Part (2): It follows from part (4) of Lemma |4?T] that B (7„(1), r*) U7„[0, 1] has hyperbolic 
diameter (with respect to p„+i in An) uniformly bounded by some constant C (independent 
of n). Let / be the smallest non- negative integer with 

C ■ (SsY < 6,/2. 

We decompose the map Qn+i into two maps 

Gn+i ■= Qn-i+i o gn-i+2 o ■ ■ - o g^+i and gl_^^ ■= gi o gn-i+2 o ■ ■ ■ o g„_i. 

By Lemma [4.51 and our choice of /, we have 

^^+i(i?(7„(l),r*) U7„[0,l]) C i?,_^(z„_,,54/2). 

Since each map g^ is uniformly contracting and univalent on Bp.{zi,54), by Lemmas 14.51 
and 14.61 Gn+i univalent on Bp^_^{zn-i,64). Moreover, by Koebe distortion theorem, it 
has bounded distortion on Q^_^_^{B {■jn{^) , r*) U7„[0, 1]). 

We claim that belongs to a compact class. That is because it is composition of I 
maps (uniformly bounded independent of n) gi, for i = n + 1, ■ ■ ■ ,n — I + 1, where each of 
them is composition of three maps as 

9i = fi °9i°{Vi-J)- 

The map rji is univalent on Vi and, by Koebe distortion theorem, has uniformly bounded 
distortion on sets of bounded hyperbolic diameter. The map g^ extends over the larger 
set Bs^rjiiVi)) (see Equations (ETIl and (12^ ). so it also has uniformly bounded distortion. 
Finally, f[^^^'^'' is a finite iterate of a map in a compact class. 

Putting all these together, one infers that Euclidean diameter of the domain 
^^_i_^(i?(7„(l), r*)) is proportional to the Euclidean distance between two points 
^n+i(7n(l)) and zq = ^n+i(7n(0)). Similarly, Qn_^_i{Br*) contains a round ball of Euclidean 
radius proportional to its diameter. By previous argument about Gn+n this finishes part 
(2) of the lemma. 

Part (3): First observe that ^„+i(i?(7„(l), r*)) is contained in the compact subset 
of Vq where the Euclidean and the hyperbolic metrics are proportional. The uniform 
contraction in Lemma [4.51 with respect to the hyperbolic metric implies the statement in 
this part. □ 
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4.4. Proof of the corollaries. 

Corollary 4.8. There exists a positive integer N such that for every non-Brjuno number 
a G Ittn the post-critical set of Pa has area zero. 

Proof. If VC{Pa) = VC{fo) has positive area, by Lebesgue density point theorem, for 
almost every point z in this set we must have 

^.^ area{B{z,r)nVC{fo)) _ ^ 
r->-o areaB{z,r) 

Let zq be an arbitrary point different from zero in VC{fo). By Proposition 12.41 zo is 
contained in the intersection of Q^, for n = 0,1, ■ ■ ■ . Thus, we can define the sequence of 
Quadruples f|T8l) . Lemma 1473) provides us with an strictly increasing sequence of integers 
rii for which we have 

ImCn, < — • 

ivr arii+i 

With Lemma l4.ll at levels rij, we obtain curves 7„. and balls i?(7„-(l), r*) enjoying 
the properties in that lemma. One introduces the sequence Qm+i which, by Lemma 14.71 
provides us with a sequence of balls i?(7„.(l), r„.) satisfying 

5(7„^(l),r„J ^^n,+i = 0, |^ni+i(7ni(l)) - zo\ < D3 ■ r^, and 0. 



With Si := r„. + ■ r„. we have 



area {B{zo, Si)) n VC{fo)) ^ n{s,f - 7r(r„J^ 



area (^(zo, Si)) 7r(sj)2 



< 



< 1. 

which contradicts zq being a Lebesgue density point of VC{fo). □ 

Corollary 4.9. There exists a positive integer N such that, if a & Irr^ is a non-Brjuno 
number, then Lebesgue almost every point in the Julia set of Pa is n on- recurrent. 

In particular, there is no finite absolutely continuous (with respect to the Lebesgue mea- 
sure) invariant measure supported on the Julia set. 

Proof. By Propositions 12.41 and 11.21 almost every point in the complement of Qq is non- 
recurrent. As area Qq shrinks to zero, we conclude the first part in the lemma. The second 
part follows from the first part and the Poincare recurrence theorem. □ 

Corollary 4.10. There exists a positive integer N such that for every non-Brjuno number 
a G IrrN the post-critical set of Pa is connected. 

Proof. We claim that VC{Pa) = H^o^n- QS-ch. set is connected and intersection of 
a nest of connected sets is connected, the corollary follows from this claim. 

To prove the claim, let 2; 7^ be an arbitrary point in the above intersection. We can 
build the sequence of Quadruples (fT8|) corresponding to z. By Lemma 14.31 there is an 
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infinite sequence of positive integers rii satisfying IniC„. < 2~loS • follows from 

proof of Lemma HTT] that there exists a point (' in the lift (^^HLt^J)) such that, 
I R'6(Cni — CJI ^ 1/2, and Km — CJ is uniformly bounded. One transfers these two point 
to the dynamic plane of /o by Qm+i and concludes from Lemma 1^31 that 2;| goes 

to zero as rii tends to infinity. The point ^ni+ii[ 2a ^ +i )-! ) belongs to the orbit of critical 
value of fm+i, therefore by definition of renormalization, see Lemma 12.11 Gni+i{Cn,+i) 
belongs to the orbit of the critical value of /q. Thus, Gm+iiCm+i) ^ ^^(/o) and converges 
to z. This finishes proof of the claim. □ 

A corollary of the above proof is the following: 

Corollary 4.11. There are positive constants M, N, and fi < 1 such that for every 
a e /rr^v and every z G ^q"^^ we have 

II PT{z)-z II < M/i". 

In particular this holds on the post-critical set. 
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